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Some remarkable spin-$-like algebraic properties of spin-; 
matrices 

Francisco EulQlio Alves dos Santos and J Jayaraman 
Departamento de Fisica, CCEN, Universidade Federal da Paraiba, 58.0OO-Jo60 Pessoa, 
Paraiba. Brazil 

Received 27 June 1980 

Abstract. Using for spin-2 matrices a direct-product structure involving the usual Pauli spin 
matrices, we derive the Dirac-Clifford matrices in terms of certain algebraic combinations 
of spin-2 matrices in a representation-independent way, thus achieving a newer extension of 
the Pauli spin matrices from the usual spin-ispace to the spin-2space. Basing the derivation 
directly on this analysis, we derive two algebras satisfied by spin-; matrices. We demon- 
strate that one of these which is also satisfied by spin-f matrices is directly related to the 
spin-2 algebras of Weaver and of Bhabha and Madhava Rao (for three objects). The other 
algebra is new and curiously is not satisfied by spin-$ matrices. 

1. Introduction 

In a recent paper Weaver (1978a) has projected the importance of spin-;-like proper- 
ties of certain algebraic combinations of spin- 1 matrices for tackling problems involving 
aspects of spin-1 matrix algebras. Though Weaver (1978b) has subsequently consi- 
dered an algebra for spin-: matrices, the analogous spin-&like properties for the spin-; 
case do not seem to have been reported in the literature. In this paper we address 
ourselves to this task and derive, by effectively exploiting the existence of a direct- 
product structure for spin-; matrices, the Dirac-Clifford matrices in terms of certain 
algebraic combinations of spin-: matrices. Based directly on this correspondence, 
which we also demonstrate to be valid for any arbitrary representation of spin-; 
matrices, we derive two algebras for spin-:. We point out that one of these algebras, 
which is also satisfied by spin-i matrices, is directly related to the algebra of Weaver 
(1978b) and in form to the algebra employed earlier by Bhabha and Madhava Rao 
(Corson 1953) in connection with Bhabha first-order wave equations (Krajcik and 
Nieto 1975) for maximum spin-;, as restricted to the case of three objects. We also 
present explicitly the other newer algebra which is not satisfied by spin-; matrices but 
only by spin-? matrices. While Weaver, for the derivation of his algebra, uses the 
Lorentz transformation properties of the symmetric, traceless, covariantly defined spin 
tensor (Barut et a1 1963, Weinberg 1964) related to the spin matrices, our method in a 
transparent way projects the spin-&like properties of spin-: matrices from the begin- 
ning and employs the aid of no more than the basic angular momentum commutation 
relations of the spin-; matrices, their characteristic equations and the existence of the 
direct-product structure aforementioned. Our method also yields a newer algebra. 
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2. Dirac-Cliff ord matrices and spin-2 matrices 

We shall now proceed to prove our assertions. We work with the system of units 
c = fi = 1. We start with the spin-? matrices Si (i  = 1, 2 ,  3 )  satisfying the following basic 
properties: 

Now expressing Si in a direct-product form 

si = si 0 (Ui/2) (2) 

(3) 

where ui are the two-dimensional Pauli spin matrices satisfying 
(+.U. = 6.. +is . .  0 

I I 11 Ilk k ,  

equations ( 1 )  lead, by virtue of (3) ,  to the following requirements on si which, without 
loss of generality, are 

3 

1 si= -3.  ( 4 c )  
i = l  

That there always exist such Hermitian si satisfying ( 4 )  corresponding to an appro- 
priately unitary-transformed arbitrary Hermitian representation of spin-$ matrices can 
be ascertained by considering the following example, where the unitary matrix 

satisfies 
UJiU+ = si = si 0 (Ui/2) ( i  = 1,2 ,  3 )  

with Ji being the spin-: matrices in the usual representation (Schiff 1968) and 

0 -i u 3 = ( l  O ) .  
0 1  

0 -1 

However, for our analysis we will employ only the algebraic properties ( 3 )  and ( 4 )  of ui 
and si respectively and not the explicit matrix realisations (5b ,  c). 

Employing (4c), we have 
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which immediately leads to 

[si, SzI- [ S Z ,  s3I- = [ ~ 3 ,  SI]- = E.L (say). 

Feeding (7) into (4a), we also obtain 

( i  # j #  k # i). 1 
sisj = sk + i&ijk/lk, pk = k 

With (4b), (7) and (8), we easily derive that 

(i # j # k # i, i, j ,  k cyclic) 1 p = %(si - si)(2sk -si - si )  

and equations (4) further furnish 

( i  # j #  k # i). 

(i # j )  

1 
[(1/2&)(sj-s[)] 2 = 1 

[4(2Sk -si -si)] = 1 

[Si - si, 2 S k  -si - Si]+ = 0 

[si, CL]+ = [si, CL]+ = - 2 ~  

2 

1 
E[sj - si, si - sk]+ = 1 

By combining the information of (4c) and (7) it is not difficult to derive 

which leads immediately to 

[p,  Sj - si]+ = [p,  2sk - Si - S i ] +  = 0 ( i # j # k # i ) .  

Equations (9)-(11) imply that 

(p/4&)2 = -1 * 

Now equations ( l a ) ,  (2), (3) and (8) straightaway lead to 

(7) 

(9) 

a k  = (2/J3)(sisj -:isk) ( i  # j # k # i, i, j ,  k cyclic) (13a) 
or equally well to 

f f k  = (l/JT)[si, si]+ = (i/4J?i)p @ (Tk (136) 

[ak, all+ = 28kl (k, 1 = 1 ,2 ,3 )  (13c) 

(i # j #  k # i ) ,  

satisfying, by virtue of (3) and (12), 

thus providing the first three anticommuting Dirac-Clifford matrices. The remaining 
two Dirac-Cliff ord matrices are also easily deduced by the observation that 

and 

satisfy, by virtue of (lo), 

( i  # j  f k # i) (146) 
1 2  

CY5 = ?(Sf  -t si’ - 2s:) = i(2Sk -si - s i )  0 I 

L L  a 4 = a 5 = l ,  

[a4, as]+ = 0 

and also, by virtue of (116) and (13b), 

ail+ = [as, ail = 0 (i = 1,2,  3). 
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Equations (13) and (14) complete our assertion of construction of the Dirac-Clifford 
matrices ayp satisfying 

[ap, %I+ = 280, (P, 1, = 1,2 ,3 ,4 ,5) .  (15) 

It may be noted that (14a, b )  provide only two independent mutually anticommuting 
matrices because of (10). Though we have so far worked by exploiting the direct- 
product structure (2) of spin-: matrices, the algebraic expressions and properties 
(13)-(15) for the ayp matrices are valid in terms of any arbitrary representation (not 
necessarily the direct-product) for spin-? because of the connecting unitary trans- 
formation between an arbitrary representation and the direct-product form as exem- 
plified in equations (5). 

In fact, with the use of the explicit matrices si and vi of (5) in (2), we have the 
following explicit expressions for the a,, : 

- 
al  = ( 1/J3)[s2, s,]+ = - u2 o U1 = ~ I V ~ ~ ,  

In (16), IVij (i, j = 1, 2 ,3 ,4)  are five of the sixteen coordinate interchange matrices 
recently considered by Stephany (1979) in connection with a four-dimensional exten- 
sion of the Pauli spin matrices. The remaining IVii of Stephany can be directly written 
out as bilinear products amongst a,  of (16) but is not presented here. 

It is remarkable at this point to observe that the Dirac matrices of equation (15), 
with their basic definitions as provided by equations (13b) and (14a, b )  in terms of 
spin-; matrices, indeed constitute a new representation-independent extension of the 
usual Pauli spin matrices of equation (3) from the spin-; space to the spin-? space. 

3. Spin-; algebras 

Now we shall show that two algebras emerge for the Si’s based directly on the a, algebra 
(15), as given explicitly in terms of the Si’s. While relations (13) take the form 

[[Si, Si]+, [sk, SlI+I+ = 6SikSj/ +6SilSik ( i  # j ,  k # I), (17a) 

the first of relations (14e) can be recast in the equivalent form 

[[si, Si]+, [SI, smli-l+ = [[Si, sjl+, [Si, sml+]+ = [[Sk, Ski+, [si, sml+]+ 
= 5[S/, Sml+ (i  # j  # k # i, 1 # m) ,  (17b) 

in deriving which use has been made of ( IC) .  We also observe that while the 
characteristic equation (1 b )  takes the form 

the relation (14d) together with ( lb ,  c )  yields 

[[Si, Si]+, [Si, Sj]+]+ = lO(S? + s:, -Y (i  # j ) .  ( 1 7 4  
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It is straightforward, though a little tedious, to subsume the content of equations 
(17) into either of the following single forms: 

[[si, sj]+, [ s k ,  si]+]+ 
= -?(8ij8kl + 8 j l 8 j k  + 8 l j 8 k i )  + 38k)[Si, sj]+ + 38ij[sk, s/]+ 

+aik[Sj, sll++8il[sj, Skl++8jk[Sit sl1++8jl[si, ski+ 
+ ( E k i m E j f n  f&lim&jkn)[Sm, snl+, (18) 

[[Si, Si]+,  [ s k y  Si]+]+ = -??8ij8k/ + 6 8 i k a j r  + 6 8 i 1 8 j k  +58 i j [Sk ,  S ! ] + +  5 8 k l [ %  Sj]+* (19) 

In other words, equations (17) comprise the statement of algebraic properties (18) or 
(19) for spin-;. In fact, on expansion, the RHS of (18) is identically equal to the RHS of 
(19) only for spin-;. However, viewed as an algebra, (18) is satisfied also by spin-4 
matrices, i.e. with the substitution of Si = ai/2, but (19) is not. Incidentally, algebra (19) 
can also be rewritten in a more elegant form: 

[[si, si]+ -28jj, [ s k ,  si]+ - $ s k i ] +  = 6 8 i k 8 j l  + 6 8 i l 8 ; k  -48ij8kr. 

Now algebra (18) together with ( l a )  is equivalent to the Bhabha-Madhava Rao-like 
algebra (Corson 1953) as specialised for three objects, 

[si, SjSkS/ + slsksj]+ 

= - 3 ( 8 i j 8 k ,  + 8 i k 6 i j  + 8 j l 8 j k )  +$8kl[Si, si]+ +$8jk[Si, si]+ 

+ $ s i j [ s k ,  sll++$8ik[Sj, si]+ +;sil[Sk, Sj]+f$8j/[Si,  Ski+, (20) 

which is satisfied by both spin-; and spin-; matrices. The above equivalence can be 
demonstrated after some labour by first deducing the information of a single term 
SiSjSkSI obtained from (18) with repeated use of ( l a )  and then summing up for the RHS 
of (20) to arrive finally at the algebra (20). A similar treatment carried out for (19), 
however, yields a new algebra: 

[si, SjSkSI +slsksj]+ 
= &8ij8& +&8i i8 jk  -98.Sik8jl + ? 8 k / [ s i ,  sj]+ +?8jk[Sj, SI]+ +t8ik[Sj, sl] 

which is satisfied by spin-? matrices but, curiously enough, not by spin-; matrices. 
The following algebra of Weaver (1978b), involving twelve terms of the type 

si sj s k  si, 
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on the LHS. This equivalence can be established in a straightforward fashion by the use 
of ( l a )  first to deduce 

and the subsequent use of (24) on the LHS of (22) to eliminate the terms in the second 
and the third parentheses within the anticommutator, to result finally in the algebra 
(20). 

The algebra (21) in its content for spin-; is however consistent with Weaver’s 
algebra (22), as can be verified directly starting from the LHS of (22), rendering this into 
three anticommutators each involving terms contained in the respective three paren- 
theses, and then substituting for each of them the information as contained in the 
algebra (21). The reason that Weaver’s algebra is also satisfied by spin-$ matrices is not 
far to seek, as in fact the defining algebraic relations (equation (9) of Weaver (1978b)) 
employing the Lorentz transformation properties of spin tensors as specialised for 
spin-;, which Weaver has used to deduce his algebra (22), are also satisfied by the simple 
substitution of S, = $ml. 

Weaver has used the algebra (22) together with ( la )  and the commutation relations 
of the components of rZ = p ,  - eA, to deduce a characteristic equation for S n and thus 
the eigenvalues of S * n for spin-;. Since the algebra (22) of Weaver and the basic 
angular momentum commutation relations (1 a )  are also satisfied by spin-; matrices, 
one expects that the characteristic equation for S * n, as deduced by Weaver (1978b) 
based on algebra (22), will also be satisfied by ;(a * n). Hence one surmises that the use 
of the new algebra (21) that is not satisfied by spin-; matrices may lead to a different 
characteristic equation for S n not satisfied by ;(a n). The details of our current 
calculations on this point will however be reported in a future communication. Also, 
the spin-;-like properties of the algebraic combinations of spin-; matrices, as exem- 
plified by equations (1 3)-( 15), coupled with the aforementioned observation that 
;(a * n) will satisfy the same characteristic equation as S n of the spin-; case based on 
the algebra (20), have a crucial role to play in resolving an apparent paradox recently 
pointed out by Weaver (1977) on the predictive power, in the context of an external 
electromagnetic interaction, of the new linear Dirac-like wave equation for spin-; 
derived recently by one of the authors (Jayaraman 1976). A detailed discussion of this 
will be the subject matter for a separate publication. 
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